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Shape Comparison

� Complex shapes in nature: human brains, proteins, bones, etc.

� Application: medicine, anthropology, image processing, etc.

� Goal: Compare any two different compact genus-zero surfaces
without boundary (i.e. 2-sphere S2)
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Shape Comparison in Biology

Figure: Source: Hass & Koehl
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One possible way: Conformal Maps diagram from Hass & Koehl

A framework proposed by Hass and Koehl: comparison of surfaces

Figure: Hass, Koehl “Comparing shapes of genus-zero surfaces" 2017
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Why Conformal Mapping?

Possible actions on tangent plane

smooth
translate

rotate
scale
shear

� conformal
translate

rotate
scale

� isometric
translate

rotate

Figure: Wikipedia

� Given Riemann surfaces M and two metrics g, g̃ on M. We say
g̃, g are conformally equivalent if D positive ρ P C8pMq such that
g̃ � ρg.

� Given two surfaces pM, gq, pN, hq. f : M Ñ N is a conformal map
if D positive τ P C8pMq such that the pullback metric f�phq � τg.
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Poincaré-Klein-Koebe Uniformization theorem

Theorem
A closed genus-zero Riemann surface M is conformally equivalent to
the Riemann sphere Ĉ � CY t8u

Restatement:
Given closed genus-zero Riemann surface pM, gq, there exists a
metric g̃ conformal to g and g̃ is of constant Gaussian curvature 1.

Figure: By Gary Choi (Harvard) on mathworks

WHY on a sphere?
(i). Canonical
domain for data
comparison
(ii). 6 deg. freedom
left: Möbius
transform PSLp2,Cq
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Discrete Conformal Mapping
� Surface representation - a triplet M :� p Vloomoon

vertices

, Eloomoon
edges

, Tloomoon
faces

q

� Discrete metric ` : E Ñ R¡0 assigns positive value to edges, i.e.
`peijq � `ij such that all triangle inequalities holds for tijk P T .

� ` and ˜̀on M are (discrete) conformally equivalent if D u : V Ñ R
such that for vi , vj P V , ˜̀ij � e

upvi q�upvj q

2 `ij .

Figure: A smooth Spot Figure: A discretized Spot
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Discrete Conformal Mapping: framework revisited

Setting

� Given discrete surface M � pV ,E , T q in R3.

� Use induced metric ` from R3.

� Want an algorithm to give map c : V Ñ R3

with output pV 1,E 1, T 1q, V 1 lie on S2 � R3.

� Want that new induced metric ˜̀ is conformal
to initial `.

� Uniformization Theorem: Such (continuous)
conformal map exists! Figure: Y. Wang (ASU)

Problem
A robust discrete conformal mapping algorithm applicable on a wide
range of shapes doesn’t exist yet!
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Already tried - Discrete Ricci Flow and Bobenko’s Method

Intrinsic geometric flow is an evolution of Riemannian metric

� Discrete Ricci Flow: Distribute total curvature (4π) evenly.
Chow, Luo “Combinatorial Ricci flows on surfaces" 2003

Jin, Kim, Luo, Gu “Discrete Surface Ricci Flow" 2008

� Drawback: Restrictive, Mesh degeneracy

� Bobenko’s Method: Minimize convex energy functional
Springborn, Schöder, Pinkall “Conformal Equivalence of Triangle Meshes" 2008

Bobenko, Pinkall, Springborn “Discrete conformal maps and ideal hyperbolic
polyhedra" 2010

� Drawback: Triangle inequalities might fail
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Mean Curvature Flow (MCF)
Let Φt : M Ñ R3 be a smooth family of immersions and gtp�, �q be the
metric induced by Φt at time t . Φt is a solution to the MCF if

BΦt

Bt
� ∆gt Φtp� �2Ht N̂tq (1)

Htppq:scalar mean curvature, N̂tppq: outward unit surface normal.
∆gt : Laplace-Beltrami operator defined w.r.t. gt .

Singularities form when surface collapse at a point (κppq Ñ 8).
Hence MCF is not conformal in nature.

Figure: Alsing, Paul M. et al. “Simplicial Ricci Flow" 2014
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Strategy: From MCF to Conformal Map

Kazhdan, Solomon, Ben-Chen “Can
Mean-Curvature Flow be Modified to
be Non-singular?" 2012:

1. Apply finite-elements
discretization to MCF

2. Identify numerical instabilities

3. Propose modified flow that
resolves instabilities

4. Convergence of the new flow?
Figure: M. Kazhdan, J. Solomon,
M. Ben-Chen

11 / 24


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton0'){ocgs[i].state=false;}}





Introduction Discrete Conformal Mapping Mean Curvature Flow Conformalized MCF Future Work

1. Finite-elements Method (FEM)

Express immersion

Φtppq �
Ņ

i�1

xiptqBippq

where tB1,B2, � � �BNu : M Ñ R is a set of function basis and a set of
coefficient vectors Xptq � tx1ptq, x2ptq, � � � , xNptqu � R3.

Warning: possible Φt R spantB1, � � �BNu! Using Galerkin formulation:

»
M

�
BΦt

Bt
� Bj



dAt �

»
M
p∆tΦt � Bjq dAt @1 ¤ i ¤ N

Apply Backward Euler method to discretize
Bxi

Bt
� xipt�τq�xiptq

τ .
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1. Finite-elements Method (Method)
When all the dust settles...

�
Dt � τLt

�
Xpt � τq � DtXptq (2)

where Dt :� rDt
ijs, L

t :� rLt
ijs are N � N matrices.

Dt
ij :�

»
M

BiBj dAt , Lt
ij :� �

»
M

gtp∇tBi ,∇tBjq dAt

We solve a linear system Ax � b relating Xpt � τq to Xptq.
Use “Hat Basis", piecewise linear function basis Bi : V Ñ R

Bipvjq � δij Delta functional

ñΦtpvjq �
¸

i

xiptqδij � xjptq
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An Excursion into Differential Geometry
Linear map Λ: T Φ0ppq ÞÑ T Φ1ppq, maps orthogonal vectors
Bv1 , Bv2 P T Φ0ppq to two corresponding vectors, Bw1 , Bw2 P T Φ1ppq
with Bw1 K Bw2 , i.e.

Λ :� dΦ1 � dΦ�1
0 ñ ΛBvi � λiBwi , i � 1, 2 (3)

where stretch directions Bwi , stretch factors λi are time dependent.

Figure: cactus: initial Figure: cactus: MCF 10 steps
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2. Numerical Instabilities

Express Dt , Lt using dAt �
b
|gt | |g0|

�1 dA0 � λ1λ2 dA0:

Dt
ij �

»
M

Bi � Bj pλ1λ2q dA0 (4)

Lt
ij � �

»
M

�
λ2

λ1

BBi

Bv1

BBj

Bv1
�
λ1

λ2

BBi

Bv2

BBj

Bv2



dA0 (5)

Where’s Instability? Anisotropic stretching (different magnitudes of
stretching along v1, v2) ñ either λ2

λ1
or λ1

λ2
escapes to infinity

To conclude, Lt might blow up when singularies form!
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3. Conformalized Mean Curvature Flow (cMCF)
Idea: replace metric gt by the closest metric that is conformal to g0.
Let g̃t be “conformalized" metric and λ̃1, λ̃2 new stretch factors.

g̃t :�

b
|gt | |g0|

�1g0 (6)

� g̃t is conformal to g0 and |g̃t | � |gt |
� λ̃1 � λ̃2 �

?
λ1λ2 ñ λ̃1λ̃2 � λ1λ2

� D̃t
ij � Dt

ij but L̃t � L0 and hence L̃t is independent of time.

Figure: Gargoyle under cMCF
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3. Conformalized Mean Curvature Flow (cMCF)

Definition
Given M, g0. Let Φt : M Ñ R3 be a smooth family of immersions and
gtp�, �q be the induced metric. Φt is a solution to cMCF if:

BΦt

Bt
�

b
|gt |

�1 |g0|∆g0Φt (7)

� Laplace-Beltrami operator stays the same.

� If Φt is conformal with respect to g0, then

∆gt �
b
|gt |

�1 |g0|∆g0 . Recover traditional MCF from cMCF!

� Discretizing eq. (7) gives a varying Dt but a fixed Lt .

cMCF Algorithm by Prof. Michael Kazhdan available at:
www.cs.jhu.edu/~misha/Code/ConformalizedMCF/Version2/
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3. cMCF: Numerical Results
Spot is back! Step size 0.0001

Figure: Spot: Initial Figure: cMCF - 10 steps Figure: cMCF - 500 steps

Spot brings a new friend - dinosaur |V | � 9, 794, |T | � 19, 584......

Figure: Dinosaur: Initial
Figure: cMCF - 10 steps Figure: cMCF - 2000 steps
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3. cMCF: Numerical Results
Sophisticated Mesh - Armadillo!!! |V | � 172, 974, |T | � 345, 944

Figure: Armadillo: Initial Figure: cMCF - 500 steps

Initial 500 steps
Area 38129 93009

Volume 237977 2.63748e+06
Sphericity 0.487063 0.992549
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3. cMCF: Numerical Results

Back to application - Human Brain |V | � 65, 538, |T | � 131, 072

Figure: Brain: Initial Figure: cMCF - 500 steps
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4. cMCF: Convergence
Open question in case of genus-zero surfaces: Φt converges under
cMCF? Existence of a counter-example?
Kazhdan, Solomon, and Ben-Chen proved:

Proposition
If cMCF converges, i.e. Φt ÝÑ

tÑ8
Φ8,

then Φ8 is a map onto the sphere if and only if Φ8 is conformal

Figure: Source: M. Kazhdan, J. Solomon, M. Ben-Chen
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Math journey continues...

� Surfaces with higher genus? Known: limit map is not conformal.
� No embeddings of closed surfaces with higher genus that are

uniformly scaled by traditional MCF.

Figure: Source: M. Kazhdan, J. Solomon, M. Ben-Chen

� Surfaces with boundary?

� Use defining function to reduce MCF into one equation. An
equivalent formulation of cMCF?
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CS journey also continues...
� Existing algorithm not applicable on “raw" meshes from real brain

scanning.
� My own implementation of Kazhdan’s algorithm in OpenMesh.

Parallel Computing?

Figure: Half Brain: View 1 Figure: Half Brain: View 2
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An amazing team at UC Davis

Figure: Prof. Joel Hass, source: IAS Figure: Prof. Patrice Koehl, source: UCD

Figure: Yanwen Luo, source: UCD Figure: Karry Wong

Thank You!
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